A boundary integral equation of the first kind is discretised using Galerkin's method with piecewise-constant trial functions. We show how the condition number of the stiffness matrix depends on the number of degrees of freedom and on the global mesh ratio. We also show that diagonal scaling eliminates the latter dependence. Numerical experiments confirm the theory, and demonstrate that in practical computations involving strong local mesh refinement, diagonal scaling dramatically improves the conditioning of the Galerkin equations.
Introduction
A standard practice in numerical linear algebra is to scale the unknowns and righthand sides of a linear system, with the aim of reducing the condition number of the coefficient matrix. The scaled system will then be less sensitive to roundoff errors; see Forsythe and Moler [4, Chapter 11] . Even if roundoff is not a serious consideration, for instance because discretisation errors dominate, reducing the condition number can speed up the convergence of iterative solvers. Here, we consider a particular class of poorly scaled linear systems, arising in the boundary element method. We derive an estimate for the condition number of the coefficient matrix of such a system, and another, much smaller, estimate for the matrix of an equivalent, appropriately scaled system. Numerical experiments indicate that these estimates are realistic. Our results are related to those of Bank and Scott [2] for domain finite element methods.
Many elliptic boundary value problems can be formulated as integral equations over the boundary of the problem domain. In the boundary element method, such integral equations are solved numerically via a partitioning of the boundary into boundary elements (curvilinear triangles or quadrilaterals, for instance). A good partition should reflect the behaviour of the exact solution of the boundary integral equation. Typically, very small elements are needed in the vicinity of corners or cracks, where the solution becomes singular, but elsewhere, much larger elements suffice. In this way, fewer degrees of freedom are required to achieve a given accuracy than would be the case using a quasi-uniform partition, in which the boundary elements are all of a similar size. Good partitions can be generated automatically by adaptive refinement based on suitable local error indicators, such as those of Carstensen and Stephan [3] .
However, the large variation in the sizes of the boundary elements in such a good partition causes the stiffness matrix to be badly scaled, assuming a standard nodal basis is used, and we shall see that the condition number can be much larger than it would be for a quasi-uniform partition with the same number of degrees of freedom. Our goal is to prove that this increase in the condition number is easily eliminated by rescaling the unknowns and right-hand sides in such a way that the diagonal entries of the coefficient matrix are all of the same size. Note that the condition number will still grow as the number of degrees of freedom is increased, unless some additional, more sophisticated preconditioner is used, such as in our earlier work [5] .
The paper is organised as follows. Section 2 describes a model problem, involving a weakly singular integral equation of the first kind equivalent to the Dirichlet problem for the Laplacian in three dimensions. Next, Section 3 describes a simple Galerkin discretisation based on piecewise constant trial functions. For the special case of the model problem, our estimates of the condition numbers are given in Theorem 1. Section 4 outlines the proof for a more general case, stated as Theorem 2, and in Section 5 we present the results of some numerical experiments.
Further details have been given in a second paper [1] . There, we also discuss hypersingular boundary integral equations and higher-order boundary elements.
A model problem
Let ft be a bounded Lipschitz domain in R 3 and denote the boundary of ft by F = 3ft. We consider the Dirichlet problem for the Laplace equation: given boundary data g o n P , find U on ft satisfying A£/ = 0 on ft, U = g onF.
Let us transform this problem into a boundary integral equation of the first kind. The third Green identity gives, for x € ft,~ hL uw -t, m , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100011676 [3] Diagonal scaling in the Galerkin boundary element method 143
where v is the outward unit normal to £2, and da is the surface element on F. Since U(y) -g(y) is given for y e F, we can compute U(x) for x e Q once the normal derivative d v U is known. To this end, take A: to be a point on the boundary F, and modify the left-hand side of the third Green identity (1) accordingly, by replacing U(x) with j U(x). After rearranging and applying the Dirichlet boundary condition, we find that the unknown
where To obtain a numerical solution to (2) using a Galerkin boundary element method, we introduce the symmetric bilinear form and the L 2 inner product
The weak form of (2) can then be written as
The symmetric bilinear form B is bounded on the Sobolev space H~l /2 (V), and is also positive and bounded below on this space, that is, there exist positive constants C and c such that Since B defines an equivalent inner product for H~i /2 (T), the Riesz Representation Theorem for Hilbert spaces guarantees the existence of a unique weak solution u 6 H~U 2 (T) to the boundary integral equation (2) . Thus, diagonal scaling of the linear system is equivalent to normalising the nodal basis functions with respect to the energy norm. Letting h k denote the diameter of the kth boundary element, and putting ft max = maxi<*</v h k and h min = mini<*<jv h k , we state a special case of our main result as Theorem 1 below. The proof requires the partition to be non-degenerate, that is, the ratio of the diameter of an element to the diameter of the largest inscribed ball must be uniformly bounded. It follows that the partition is locally quasi-uniform, but the global mesh ratio /i max Mmin can still be arbitrarily large.
THEOREM 1. Consider the piecewise-constant Galerkin boundary element method applied to the three-dimensional, harmonic single-layer potential equation (2). If the partition is non-degenerate, then the £ 2 condition number of the stiffness matrix satisfies
cond(fl) < whereas for the diagonally scaled matrix,
Outline of the proof
Recall that if B is any real, symmetric N x. N matrix, and if there are positive constants A. and A such that 
The desired estimates of cond(fl) and cond(B) will follow with the help of three technical lemmas stated below. We omit the proofs of the first two, but point out that the norm in H ~m (T k ) must be defined carefully in order for Lemmas 1 and 2 to be valid, because some of the imbedding constants for the various standard equivalent norms depend on the diameter of F k . Also, when d = 1 the non-degeneracy assumption on the partition must be strengthened by explicitly requiring local quasi-uniformity. For further details, see [1] . 
Numerical experiments
To test whether our theoretical upper bounds for the condition numbers were realistic, we performed some simple experiments with two test problems.
For the first test problem, we considered the integral equation (2) with r a square plate in R 3 , and used quadrilateral elements. The theory as given above does not cover this case, because F is an open surface, but our arguments can be modified to show that the conclusions of Theorem 1 still hold. The numerical results are shown in Table 1 . As well as giving the values of the t 2 condition numbers, we show in parentheses the inferred values of the exponent r such that the condition number is asymptotically proportional to N r . As expected, cond(fi) = O(N l/2 ) for a uniform partition of the type shown in Figure 1 (a) . Table 1 also gives the condition numbers of B and of the diagonally scaled matrix B for a graded partition 
